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Basic definition

-

Crochemore factorization: the c-factorization ¢(x) of a
word x IS

c(x) = (xr1,T2, ..., Tm, Tmi1,---)

where z,,, Is the longest prefix of x,,x,,+1--- 0occurring twice
IN x1x9 -+ - T, OF x,, IS @ letter a If ¢ does not occur In

xl S .I‘m_l.

The c-factorization of z = ababaab IS (a, b, aba, ab), since aba
occurs twice in ababa.

.



Fibonacci word

-

The Fibonacci word is defined as the limit of the sequence
f—l = b, fO — a, and fn—|-2 — fn—l-lfn:

-

fo = a
fi = ab
fo = aba
f3 = abaab
f = abaababaaba - = %ﬁfgfg e

The c-factorization of f is exactly:

L c(f) = (a,b, a,aba,baaba, . ..) = (a,b,a,ﬁ,fé, ). J



Fibonacci word

-

The c-factorization is closely related to two other
factorizations of the Fibonacci word.

h(f) = (a,b, a,ab, aba, abaab, . . .)

w(f) = (a, b, aa, bab, aabaa, . . .)

The three factorizations can be visualized through the
following scheme:

h: lalblala bla b ala b a a b] -
w: lalbla alb a bla a b a al ---
c: lablala b albaabdal--

.



Sturmian words

-

A standard Sturmian word is defined as the limit of T
S—1 — b) S0 — @, and Snp = 3#_1377,—27
where d; Is a positive integer for all 7 > 0.

Similarly to the Fibonacci word, the Sturmian words have a
decomposition in reverse finite words s,,:

s = 55N 57 %5% ...

The c-factorization of standard Sturmian words is closely
related to that decomposition:

~do—1 ~d3 ~ds

\— c(s) = (a,adl_l,b,adls1 ,59°, 89 ,...,/5,,?”“,...). J



Thue-Morse word

fLet T be the Thue-Morse morphism on a two-letter alphabetT
defined by 7(a) = ab and 7(b) = ba, the Thue-Morse infinite
word t = abbabaabbaababba - - - 1S defined as the limit of the

sequence
to =a, t, = T(tn_l).

Each factor in the c-factorization of t can be obtained from
the previous ones by applying the morphism 7:

c(t) = (c1,co,...), cpio=7(c,) fOr every n > 6.

c(t) = (a, b, b, ab, a, abba, aba, , abbaab, )

o |



Thue-Morse generalized words

-

The Thue-Morse generalized word on a m-letter alphabet
A =Aay,a9,...,ay,} obtained as the limit of the sequence

-

A = ar, ) =),

where 7, Is the morphism defined by
Tm(@;) = ajaip1---apar---a;—1 (i=1,...,m).

(m)

Cn+2(m—1

) = Tm(cyn) fOr every n > m andm > 3.

Example for m = 3:

c(t(3)) = (a, b, ¢, bc, a, ca, b, becacab, abe, cababe, bea, . . .)
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Period doubling sequence

o N

Let o be the morphism on a two-letter alphabet defined by
6(a) =ab, d(b) = aa.
The period doubling sequence Is the limit of the sequence

go = a and gu+1 = 0(qn).



Period doubling sequence
5

Similarly to the case of standard Sturmian words, the period
doubling sequence admits the decomposition:

-

q=qoq1q2- -

and the c-factorization of q Is

C(q) — (a’7 b? a/7 aa? ba’? baba’? aaba’? ° e ') — (q\(/)? Q\E)/) q\()? q\i/7 ﬁ? q\é/? 527 ° e ')7

where ¢/, is ¢, with just the last letter changed to its
opposite.

Note that ¢,+1 = ¢,¢.,.
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Crochemore vs. Ziv-Lempel

o N

Ziv-Lempel factorization: the z-factorization z(x) of a
word x IS

Z(le) — (ylay27 ey Yms Ym4-1, - - )

where y,,, Is the shortest prefix of y,,y.,11 - - - Which occurs
only once in y1ys - - - Y.

The c-factorization of z = ababaab IS (a, b, abaa, b).



Crochemore vs. Ziv-Lempel

o

acts:

# A Crochemore factor cannot properly include a

Ziv-Lempel factor.

# |If a Ziv-Lempel factor includes a Crochemore factor,

then it ends at most a letter after.

For example, let = be the word = = aabaaccbaabaabaa. The

c-factorization and the z-factorization of » are:

c(x)

(a,a, b, aa, c, ¢, baa, baabaa)

(a, ab, aac, cb, aabaab, aa).

-



Crochemore vs. Ziv-Lempel

-

Consider for example the period doubling sequence
q = abaaabababaaabaa - - - .

Each Ziv-Lempel factor of g properly includes a
Crochemore factor by ending just a letter before:
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