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DTDS

A Discrete Time Dynamical System (DTDS) is a pair 〈X,F 〉

• State Space X [Metric Space (X, d)]

• Next State Mapping F : X 7→ X [Continuous Mapping]

Positive motion (or orbit) of initial state x0 ∈ X is the
sequence γx0 : N 7→ X expressed by:

γx0 = (x0, F (x0), F
2(x0), . . . , F

t(x0), . . .)

x0
F
−→ F (x0)

F
−→ F 2(x0)

F
−→ · · ·F t(x0)

F
−→ · · ·

∀t ∈ N, γx0
(t) = F t(x0)
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An element x ∈ AZ is called configuration:

x = (. . . x−2 x−1 x0 x1 x2 . . .)

∀h, k ∈ Z, h ≤ k, x[h,k] = xhxh+1 · · ·xk ∈ Ak−h+1
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∀h, k ∈ Z, h ≤ k, x[h,k] = xhxh+1 · · ·xk ∈ Ak−h+1

• Tychonoff Metric dT generating the Product Topology

dT (x, y) =
∑+∞

i=−∞
1
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dH(xi, yi) dH : Hamming distance on A

∀n ∈ N, dT (x, y) <
1
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• State Space AZ

An element x ∈ AZ is called configuration:

x = (. . . x−2 x−1 x0 x1 x2 . . .)

∀h, k ∈ Z, h ≤ k, x[h,k] = xhxh+1 · · ·xk ∈ Ak−h+1

• Tychonoff Metric dT generating the Product Topology

dT (x, y) =
∑+∞

i=−∞
1

4|i|
dH(xi, yi) dH : Hamming distance on A

∀n ∈ N, dT (x, y) <
1

4n
iff x[−n,n] = y

[−n,n]

x(n) = (. . . x
(n)
i−1 x

(n)
i x

(n)
i+1 . . .)

↓ ↓ ↓ ↓

y = (. . . yi−1 yi yi+1 . . .)
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DTDS
〈
AZ, F

〉

• Next State Mapping F : AZ 7→ AZ

• Space-Time Pattern
Initial configuration x(0) = x

∀t ∈ N, x(t) = F t(x)

x = (. . . x−2 x−1 x0 x1 x2 . . .) t = 0

F (x) = (. . . x
(1)
−2 x

(1)
−1 x

(1)
0 x

(1)
1 x

(1)
2 . . .) t = 1

. . . . . . . . . . . . . . . . . . . . . . . . . . .

F t(x) = (. . . x
(t)
−2 x

(t)
−1 x

(t)
0 x

(t)
1 x

(t)
2 . . .) t
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Cellular Automata (CA)

A One Dimensional Cellular Automaton is a triple 〈A, r, f〉

A is a finite alphabet of symbols
r ∈ N is the radius of the automaton,
f : A2r+1 7→ A is the local rule

A CA generates a DTDS
〈
AZ, Ff

〉

• on the state space AZ

• by the next state mapping Ff expressed by the local rule f :

x = (. . . xi−r−1 xi−r . . . xi . . . xi+r
︸ ︷︷ ︸

f

xi+r+1 . . .)

Ff (x) = (. . . [Ff (x)]i . . .)

[Ff (x)]i = f(xi−r, . . . , xi, . . . , xi+r)
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Transitivity, Chain Transitivity

A DTDS 〈X,F 〉 is transitive iff

∀x, y ∈ X,∀ǫ, δ > 0,∃z ∈ Bδ(x),∃t ∈ N : F t(z) ∈ Bǫ(y)

Bδ(x) Bǫ(y)

A DTDS 〈X,F 〉 is chain–transitive iff
∀x, y ∈ X,∀ǫ > 0 there exists a ǫ–chain from x to y, i.e.,

∃n > 0,∃x0, . . . , xn(x0 = x, xn = y) : ∀i < n, d(F (xi), xi+1) < ǫ
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is transitive iff

∀h, k ∈ N,∀u ∈ A2h+1, v ∈ A2k+1,

∃z ∈ AZ, z[−h,h] = u,∃t ∈ N : F t(z)[−k,k] = v

– p. 7/??



Transitivity on AZ

A DTDS
〈
AZ, F

〉
is transitive iff

∀h, k ∈ N,∀u ∈ A2h+1, v ∈ A2k+1,

∃z ∈ AZ, z[−h,h] = u,∃t ∈ N : F t(z)[−k,k] = v

z

F t(z)

−h h

· · · u · · ·

−k k

· · · v · · ·

z = (. . .
u

︷ ︸︸ ︷
z−h...z0...zh . . .)

F t(z) = ( . . . zt
−k . . . zt

0 . . . zt
k

︸ ︷︷ ︸

v

. . . )
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Chain Transitivity on AZ

A DTDS
〈
AZ, F

〉
is chain-transitive iff

∀h ∈ N, ∀u, v ∈ A2h+1 there is a chain from u to v, i.e.,
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Chain Transitivity on AZ

A DTDS
〈
AZ, F

〉
is chain-transitive iff

∀h ∈ N, ∀u, v ∈ A2h+1 there is a chain from u to v, i.e.,

∃n > 0,∃u0, . . . , un(u0 = u, un = v),∃x0, . . . , xn(x0[−h,h] = u0) :

∀i < n, [F (xi)][−h,h] = xi+1[−h,h]
= ui+1

x0

F (x0)

x1

F (x1)

x2

...

F (xn−1)

xn

−h h

u = u0

u1

F (x0) modificata u1 F (x0) modificata

u2

F (x1) modificata u2 F (x1) modificata

...

un = v

F (xn−1) modificata un = v F (xn−1) modificata
– p. 8/??
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A state x ∈ X is equicontinuous (or stable) iff

∀ǫ > 0,∃δ > 0 : ∀y ∈ Bδ(x) ⇒ ∀t ≥ 0, F t(y) ∈ Bǫ(F
t(x))

2

y

x F(x)

F(y)
F(y)

F(x)

2

δ

εε

δ
B(x)

B(F(x))
ε

B(F(x))
ε

2

.. .
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t(x))

2

y

x F(x)

F(y)
F(y)

F(x)

2

δ

εε

δ
B(x)

B(F(x))
ε

B(F(x))
ε

2

.. .

A DTDS is equicontinuous iff the set E of all equicontinuous
states is equal to X: E = X.
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A state x ∈ X is equicontinuous (or stable) iff

∀ǫ > 0,∃δ > 0 : ∀y ∈ Bδ(x) ⇒ ∀t ≥ 0, F t(y) ∈ Bǫ(F
t(x))

2

y

x F(x)

F(y)
F(y)

F(x)

2

δ

εε

δ
B(x)

B(F(x))
ε

B(F(x))
ε

2

.. .

A DTDS is equicontinuous iff the set E of all equicontinuous
states is equal to X: E = X.

A DTDS is almost equicontinuous iff E is residual (i.e., there
is a sequence {Un} of open dense sets, such that

⋂

n Un ⊆ E).
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(Positive) Expansivity in DTDS〈X, F 〉

A DTDS is (positively) expansive iff
there exists a constant ǫ > 0 such that

∀x, y ∈ X, x 6= y, ∃t ∈ N : d(F t(y), F t(x)) ≥ ǫ
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Sensitivity in DTDS 〈X, F 〉

A DTDS is sensitive iff
there exists a constant ǫ > 0 such that

∀x ∈ X,∀δ > 0,∃y ∈ Bδ(x),∃t ∈ N : d(F t(y), F t(x)) ≥ ǫ

On perfect spaces: Expansivity ⇒ Sensitivity
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For general DTDS:
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Relationships

For general DTDS:

For CA: the previous dichotomy is true in general and not
only for transitive systems.

– p. 12/??



Sensitivity in CA

Let s > 0. A word u ∈ A∗ with |u| > s is s-blocking iff

– p. 13/??



Sensitivity in CA

Let s > 0. A word u ∈ A∗ with |u| > s is s-blocking iff
there exists an offset p ∈ {0, . . . , |u| − s} such that

∀x, y, x[0,|u|−1] = x[0,|u|−1] = u,

∀t ∈ N, [F t
f (x)][p,p+s−1] = F t

f (y)[p,p+s−1]
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Sensitivity in CA

Let s > 0. A word u ∈ A∗ with |u| > s is s-blocking iff
there exists an offset p ∈ {0, . . . , |u| − s} such that

∀x, y, x[0,|u|−1] = x[0,|u|−1] = u,

∀t ∈ N, [F t
f (x)][p,p+s−1] = F t

f (y)[p,p+s−1]

Result: a radius r CA is not sensitive iff it has an r-blocking
word iff it is almost equicontinuous.

– p. 13/??



Coven AutomataonA = {0, . . . , k − 1}

Let B = b1 · · · br ∈ Ar be a r–block.

The Coven CA local rule is the right-sided mapping
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Let B = b1 · · · br ∈ Ar be a r–block.

The Coven CA local rule is the right-sided mapping
f : Ar+1 7→ A defined as follows: ∀(a0a1 · · · ar) ∈ Ar+1,

f(a0, a1, . . . , ar) =







a0 if a1 · · · ar = B

a0 otherwise

where a0 = (a0 + 1) mod k
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Let B = b1 · · · br ∈ Ar be a r–block.
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6=B
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Period of a word

A word B = b1 · · · br ∈ Ar is periodic of (least) period
p ∈ {1, r − 1} iff for each i = 1, . . . , r − p, we have bi = bi+p.

If there is no p, the word B is said to be aperiodic.
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Period of a word

A word B = b1 · · · br ∈ Ar is periodic of (least) period
p ∈ {1, r − 1} iff for each i = 1, . . . , r − p, we have bi = bi+p.

If there is no p, the word B is said to be aperiodic.

Example with A = {0, 1}:
B = 111111 is periodic of period 1.
B = 101010 is periodic of period 2.
B = 100001 is periodic of period 5.
B = 111000 is aperiodic.
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Result:

– p. 16/??
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Result:

There exists a blocking word and a non-equicontinuous state.
There exists a configuration z such that for any ǫ > 0 and any
x, there is a ǫ-chain from x to z and one from z to x.
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Coven Aperiodic Automata

Result:

There exists a blocking word and a non-equicontinuous state.
There exists a configuration z such that for any ǫ > 0 and any
x, there is a ǫ-chain from x to z and one from z to x.

They are almost equicontinuous (and then not sensitive)
without being equicontinuous.

They are chain transitive but not topologically transitive.
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Let B = b1 · · · br ∈ Ar be a periodic block of (least) period
p ∈ {1, r − 1}. We can consider three situations:
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Coven Periodic Automata

Let B = b1 · · · br ∈ Ar be a periodic block of (least) period
p ∈ {1, r − 1}. We can consider three situations:

1. p = 1 (hyper-periodic case)

2. p divides r with p 6= 1 (strongly-periodic case)

3. p does not divide r (non factor case)

Example with A = {0, 1} and r = 6.

1. Hyper-periodic case: B = 111111, p = 1.

2. Strongly-periodic case: B = 101010, p = 2.

3. Non factor case: B = 100001, p = 5.
The study of the strongly-periodic case can be derived by the
hyper-periodic one.

– p. 17/??



The hyper-periodic case

Result: Hyper-periodic Coven CA are not expansive.

Conjecture: Hyper-periodic Coven CA are sensitive.
Conjecture: Hyper-periodic Coven CA are not
chain-transitive.
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Hyper-periodic, B = 11

· · · 00000000 11 00 · · · 0

· · · 00000001 11 00 · · · 1

· · · 00000010 11 00 · · · 2

· · · 00000011 11 00 · · · 3

· · · 00000100 11 00 · · · 4

· · · 00000101 11 00 · · · 5

· · · 00000110 11 00 · · · 6

· · · 00001111 11 00 · · · 15

· · · 00010000 11 00 · · · 16

· · · 00010001 11 00 · · · 17

· · · 00010010 11 00 · · · 18

· · · 00010011 11 00 · · · 19

· · · 00010100 11 00 · · · 20

· · · 00010101 11 00 · · · 21

· · · 00010110 11 00 · · · 22

· · · 00011111 11 00 · · · 31

· · · 00100000 11 00 · · · 32

· · · 00100001 11 00 · · · 33
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Sensitivity, B = 11

Combinatorial approach

Topological approach:
Ff = σ ◦ F130

– p. 20/??
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