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Abstract

In this paper, we determine some limit distributions of pattern statistics in rational stochastic models. We present a general
approach to analyze these statistics in rational models having an arbitrary number of strongly connected components. We explicitly
establish the limit distributions in most significant cases; they are characterized by a family of unimodal density functions defined
by means of confluent Vandermonde matrices.
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1. Introduction

This work presents some results on the limit distribution of pattern statistics. The major problem in this context is to
estimate the frequency of pattern occurrences in a random text. This is a classical problem that has applications in several
research areas of computer science and biology: for instance, it is considered in connection with the search of motifs
in DNA sequences [17] while the earlier motivations are related to code synchronization [10,11] and approximated
pattern-matching [13,22]. In a general probabilistic framework [18,16,3], given one or more patterns, defined as strings
over a finite alphabet 2, and a probabilistic source P generating words at random over X, one considers the number
X,, of occurrences of patterns in a word of length n generated by P.! Typical goals are the asymptotic evaluation of
the moments of X, in particular its mean value and variance, its limit distribution, the local limit properties and the
corresponding large deviations. The results depend in particular on the stochastic model P, which is usually assumed
to be a Bernoulli model [11] or a Markovian model [18,16]. For instance, in [16] Gaussian limit distributions are
obtained, for any regular set of patterns and any Markovian source P, under a primitivity hypothesis on the associated
stochastic matrix.

In our paper, we assume the so-called rational stochastic model, introduced in [2], which includes the traditional
Markovian model as a particular case. In our framework, the pattern is reduced to the single symbol a while the text
is a word of length n over the alphabet {a, b} generated at random according to a probability distribution defined by
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means of a rational formal series with nonnegative real coefficients and noncommutative variables a, b. Such a setting
can simulate any Markovian source over an arbitrary finite alphabet X for any regular set of patterns in 2* [2].

Also in the rational stochastic models, Gaussian limit distributions are obtained under a primitive hypothesis, i.e.
when the matrix associated with the rational formal series (counting the transitions between states) is primitive [2].
A complete study of the limit distributions is given in [5] in the bicomponent rational models, that is when the graph
corresponding to the previous matrix consists of two strongly connected components.

Here, we present a general approach to the analysis of rational stochastic models with an arbitrary number of
strongly connected components (called multicomponent models), explicitly establishing the limit distribution of the
corresponding pattern statistics in most significant cases. The main result shows that such a limit distribution is related
to the confluent Vandermonde matrices, a generalization of the classical Vandermonde matrices used in several research
areas and in particular in Automatic Control Theory [4,15].

The material we presentis organized as follows. In Section 3 we recall the notion of confluent Vandermonde matrix and
some of its properties; in particular, we show how this is related to the convolution of a finite set of sequences. In Section
4 we introduce a family of probability distributions defined by means of confluent Vandermonde matrices and establish
their main properties. We call them Vandermonde distributions. In particular, we prove that their density functions
are unimodal and we compute their characteristic functions. In Section 5 we start our analysis of pattern statistics
and present the rational stochastic models, discussing the natural decomposition in strongly connected components;
in particular, we introduce the notions of dominant component and main chain and show their role in the analysis of
multicomponent models. In Section 6 we present our main result, which concerns the simple models (those with just
one main chain which in addition only has primitive dominant components); in this case, assuming a mild variability
condition on the dominant components, we determine the limit distribution of our pattern statistics showing that it is
a Vandermonde distribution. Finally, in Section 7, we characterize the limit distributions for all simple models and
provide a natural method to determine the limit distribution in the general case.

2. Preliminary notions

Generating functions represent the main tool we use in this study (see for instance [6] or [20, Chapter 3]). We recall
that the (ordinary) generating function of a sequence {g,} C C is the analytic function g(w) that admits the Taylor
expansion g(w) = Zg *°g,w" for every w in an open neighbourhood of 0. In our analysis we often have to evaluate
the asymptotic growth of sequences having a rational generating function. To this end we make use of the following
well-known properties that allow to extract informations on the growth of a sequence from the singularities of its
generating function.

Let g(w) be the generating function of a sequence {g,} < C; consider the radius of convergence R of the power
series Zg‘ *g,w" and assume R is finite. We first observe that g, = O(r™") for every real r such that 0 < r < R.
Moreover, let o, a2 ..., a; be the singularities of g(w) of modulus smaller than 7, for some 7 > R. If all «;’s are
simple poles then g, = Z{zlci ;" 4+ O(p") for some 0 < p < R~ and some nonnull values ¢; € C,i = 1,..., j.
On the contrary, if each o; is a pole of degree k;, then g, = Z,‘j:1ci oclf"nk"_l (14 0(1/n)) where ¢; € C is nonnull for
everyi =1,...,].

We finally recall that the product of two generating functions is the generating function of the convolution of the associ-
ated sequences. More generally, if ¢ (w) is the generating function of the sequence { g,gi)} for each

i=1,2,...,k,then f(w) = ]_[leg(i)(w) is the generating function of the sequence { f;,} such that, for every n € N,
NN k
f'l = Z gi(l])gr(lz) gi(lk)
ny+-+ng=n

3. Confluent Vandermonde matrices

Vandermonde matrices are defined by linear systems of equations whose solution yields the coefficients of poly-
nomials of smallest degree with a given set of distinct roots [14]. When roots are associated with a given multi-
plicity an analogous system of equations can be defined that leads to a generalized version of Vandermonde matrix,
called confluent Vandermonde matrix. That one plays a remarkable role in Automatic Control Theory [4]; in par-
ticular, its inverse is useful to compute the solutions of linear systems of differential equations [15]. In this section
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we recall the main properties of such matrices; our main goal is to present Proposition 3, which shows how the inverse
of a confluent Vandermonde matrix can be used to compute the terms of the convolution of a family of sequences.

Given two integers k, r such that 2<r <k, let (vq, vz, ..., v,) be a tuple of distinct complex numbers and let
(my,my,...,m;) € N be an associated tuple of multiplicities, such that m; +my + --- + m, = k and m; > 1 for
eachi = 1,2, ..., r. Consider the monic polynomial

r
D) =[] &x—v)™ =x + a1 x 1+ +aix + ao. (1)
=1

The confluent Vandermonde matrix associated with D(x) is defined by V = [V{|V2|---|V,] where, for each £ =
1,2,...,r, Vy is the matrix of size (k x my) such that

(’f - i) v it <h
Vonj = J -

0 otherwise.

foreveryh=1,2,...,kand j =1,2,...,my.
For instance if »r = 2, m; = 3 and my = 4, then V is given by

1 0 0 1 0 0 0
vy 1 0 v 1 0 0
v% 2v; 1 v% 207 1 0
V = vf 3v% 3v; vg 3v% 3vp 1
v‘l1 4vf 6v% vg 41)3 6v§ 4v,
v) Svf 10v7| vy Svy 10v3 1003

W 6v] 150f] WS 63 153 2003

In the special case when my = 1 forevery £ = 1, 2, ...r, Vreduces to the standard Vandermonde matrix

1 1 o1
v V2 coe Uk
V= v% v% v,,% . 2)
k—1 k—1 k—1
Vi U2 Uk

It is well-known that V always is nonsingular and that its determinant is [ ] <, _ j<r Ui — )M

3.1. Inverse of a confluent Vandermonde matrix

Some identities we use in subsequent sections concern the inverse of V and especially the entries of its last column.
An explicit expression for all entries of V! is presented in [4, Eq. (9)]. Here, we recall that the last column of V™! is
given by the vector

T
W = (W11, W12, - - Wiggy W21, W25 oo W2y |+ Wity W2y oo Wypm,) (3)
where forevery £ = 1,2,...rand j = 1,..., my, we have
1 r my we‘] (4)
D(x) =1 j=1 (x —ve)/
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and the following differential formula holds

1 dme=J 1
wej = e _ . )
(me — I dxme=d | Tz (x — vi)™ -
Notice that for x # v we have

(x — )™ = (—1)"n! (”’;;f; 1) (x — v)~"".

hence, by applying Leibniz differentiation rule

n

dxn

d" 1 dm
A1) @) @) =nl 5 (l_[; fi(X),)

dx” ny+ny+-+n,=n i1odx
we get the following expression for every wy;

we = (D" ¥ I (ni o 1_ 1) (vg —vp) ™™ ©)

Z,‘#g”i:ml—] i#L !

Proposition 1. Let D(x) be the polynomial defined by Eq. (1) (with distinct v,’s). Consider the confluent
Vandermonde matrix associated with D(x) and let w be the vector defined in (3). Then, for every s = 1,2, ...k — 1
the following polynomial is identically null

r min(s,my) s—1 .
Pi(x)=>Y > <._1)ng(vg—x)s ..
=1 j=1 J

Moreover, P (0) = 1.

Proof. First notice that P;(0) = 1 and P;(0) = O foreverys = 1,2, ..., k — 1. Indeed, such equalities can be written
in matrix formas V - w = (0, ..., 0, 1)z, which holds true by definition of V and w. Now, fix an integer 1 <s <k — 1.

Replacing (v — x)* ™/ = P (2:’/) vffj(—x)s_h in P;(x) we get
r min(s,mg) s s—1 h—1 hei _
Ps(x) = ) Z(h_l)(~_1)wljv/g H(—x)* .
(=1 j=1 h=j J

Since the set {(k, j) € N2 | 1<j < min(s, my), j <h<s}equalstheset{(h, j) € N2 | 1<h<s, 1 <j< min(h, my)},
the previous expression can be written as

S (s—1 —p s mndime S (s—1 —
Py=> (7 )0y (DT Jwyy = () 0T R0
i \h—1 a5 j—1 h—1
= = ]_
which is identically null by the previous reasoning. [
Corollary 2. Let V be the Vandermonde matrix defined in (2), where the v¢’s are all distinct. Then, the entries
of the last column of V=" are given by c; = ]_[i#(vg —v) Y fore =1,2,...k and satisfy Y oece vkl =1, > oece
(vg — x)5~1 =O0foreverys =1,2,...k—1.

3.2. Multiple convolutions

Confluent Vandermonde matrices are related to the properties of convolutions of families of sequences. More pre-
cisely, consider the rational function

DO) I ( —v \" T < x ) T
— — —_— 1 —_— —
D(x) Kl;ll <x - Ue) 51;11 Ve
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and observe that each (1 — x/v,)™™¢ is the generating function of [(”“L"”_l) v[”} . Therefore D(0)/D(x) is the
n

mgfl
generating function of the sequence {gp(n)}, defined by their convolution, i.e.,

"o (ng+mg—1Y\ —

gpm = X H( o )w. @)
> pne=nt=1

A key remark for the subsequent discussion is to notice that

— —n — —n _ —
gp(m) =3 (" vy, ) T,

where the sum is extended over all the k-tuples of nonnegative exponents (n11, n12, ..., ry,) Whose sum equals 7.
In other words, {gp(n)}, is the convolution of the sequences {v, "}, each of them taken with multiplicity mz,.

Proposition 3. Let V be the confluent Vandermonde matrix associated with the polynomial D(x) defined by Eq. (1)
and assume that all roots v;’s are non-null. Also, let gp(n) be defined by Eq. (7) for every n € N. Then,

¢p(n) = D(O) - i 5 (”’?"‘1)

¢ - (VU
o A G Al (—ve)/

where the wy;’s are the entries of the last column of v-L

Proof. The generating function of the sequence {gp(n)}, is given by D(0)/D(x). Then, by Eq. (4) we have

o0 D0
X g = L/ D<0>Z oWy

D(x) it —w)/

and the result follows by applying
1 1 1 x —
_ . Z(’“” 1)(1}4)"}6”. 0

(x —ve)l  (—ve)) (1 —x/vp)d ( vz)

4. Vandermonde distributions

In this section we study the properties of a family of density functions naturally associated with confluent Vander-
monde matrices. Let r, k, vy, my and D(x) be defined as in Section 3. Consider the confluent Vandermonde matrix V
associated with D(x) and the entries wy;’s of the last column of vl fore=1,2,...,r and j = 1,2, ...my¢. Now,
assume that all v,’s are real and satisfy the relation 0<v; < v» < - -+ < v,. Then, we define the real function

0 if x < vy,
r .
fox)y=43 k=1 Z ( ?)ng(w — )=t if v <x < vy, forsome 1 < h<r,
{=h j=1
0 if x>v,.

Its features mainly depend on the properties presented in Proposition 1. In particular notice that, forany 4 € {2, 3, ...r},
if vy_1 <x < vy, then we obtain

h—1 my k—2 i1
fo(x)=—(k—=1)3 > ( 1) wej(ve —x)" /7 (3)
(s \J -
Clearly, fp is continuously differentiable till the order k —2 in R\{v1, ..., v,} and its (k — 2)th derivative is constant in
each interval (vg, ve41), £ = 1, ..., k— 1. Moreover, using Proposition 1, one can verify that, forany £ = 1, ..., k—1,

the function fp is continuous at v, if and only if m, <k — 2 (note that this condition is true whenever r >>3). In general,
fp is continuously differentiable at v, till the order k — my — 2.
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4.1. Unimodal property

Here, we prove that the function fp(x) defined above is nonnegative all over R and that, if kK > 3, then fp is unimodal
in (vq, v,), that is there exists r € [vy, v,] such that fp(x) is strictly increasing in [vy, #] and strictly decreasing in
[#, v-]. Note that, if fp(x) is continuous (all over R) then its unimodality in (v, v,) implies the existence of a unique
(local) maximum in (vy, v,).

To prove these properties, we consider two different cases: k = r or k > r. If k = r, that is my = 1 for every
{=1,2,...,r,then fp reduces to

0 if x < vy,
fo(x) =13 (k- I)Zﬁzzcj(vj — x)k_2 if vp_1<x < vy forsome 1 < £<k,
0 if x >y,
where ¢y = ]_[l-# (ve —v;)"forany £ = 1,2, ..., r. Note that if k = 2 then fp is the uniform density function over

the interval (v, v2), while for k = 3 we have the triangular distribution. The next proposition shows that, if k = r >3,
then fp is a unimodal function. The proof is based on Corollary 2 and makes use of the following lemma.

Lemmad. Let f : R — R be a function admitting jth derivative all over R for some j>1. Also assume that,
for some real values a < b, f has m zeros in the interval (a,b) while f(x) = 0 for each x <a and each x>b.
Then, for everyi = 1, ..., j, the ith derivative of f admits at least m + i zeros in (a, b).

Proof. We reason by inductiononi =1, ..., j. If i = 1, then consider the m + 1 intervals determined by the zeros
of fin [a, b]. For each of them, say (xi, x2), Rolle’s Theorem guarantees that f/(x) = 0 for some x € (x1, x2).

Now, assume 1 < i < j and consider the ith derivative of f, i.e. the function g = f@®. By the properties of £,
we have g(a) = g(b) = 0 and by the inductive hypotheses g admits m + i zeros in (a, b). Therefore, by applying

the previous argument to g, one proves that g’ = £+ admits m + i + 1 zeros in (a, b). [
Proposition 5. Ifk = r >3, then fp is unimodal in (vy, vr) and is nonnegative all over R.

Proof. Using Corollary 2, one can prove that fp is strictly increasing in (vq, v2) and strictly decreasing in (vg—1, vg)-
In particular, this implies the property for k = 3.

Now, let k >4. Then, fp is continuously differentiable till the order kK — 3. Assume by contradiction that fp is not
unimodal. Since the derivative f /D is positive in (v, v2) and negative in (vg, vk—1), this implies that f’ /D necessarily
vanishes in at least 3 points in the interval [v, vr—1]. For k = 4 this leads to a contradiction because f /D is linear in
[va, v3]. For k > 4, the function fl/D satisfies the hypotheses of Lemma 4 with j = k —4,m = 3,a = vy, b = v,.
As a consequence, the (k — 3)th derivative fp k=3) of fp admits at least k — 1 zeros in (vq, vk), and this again leads
to a contradiction. Indeed, fp*~% (x) is continuous all over R, it is nonnull for x € (vi, v2) U (ve—1, vk), it is linear
with respect to x in each of the k — 3 intervals (vg, ve41), £ = 2,...k — 2, and hence it has at most k — 3 many
zeros in (vy, vg).

Finally, since fp is positive in (vi, v2) U (vx—1, vx) and admits a unique local maximum in (v, vx), then we can
conclude that fp(x) >0 for every real x. [

To prove that fp is unimodal also when k > r, we use the following lemma, which can be easily proved reasoning
by contradiction [12].

Lemma 6. For everyn € N, let f,, : R — R be a continuous function that admits a unique local maximum. If { f,,}
pointwise converges to a continuous function f : R — R, then f admits a unique local maximum, too.

We are now able to prove the complete property.

Proposition 7. If k>3, then fp is nonnegative all over R and unimodal in (v1, v,).
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Fig. 1. Plots of function fp for v = (5,10) and m = (5,3), v = (5,15,55) and m = (3,3,2), v = (5,8,15,59,62) and m = (1,1, 1, 2, 3),
respectively. The vertical bars indicate the values of v;’s.

Proof. If r = 2 < k then, by definition of fp and Eq. (6), one can show that

(k — 1)! (vy —x)™ =L x —vy)m2—!
(my — D!(my — D! (v2 — vpk-!

fox) =

for every v; < x < wp. It is easy to verify that fp is nonnegative and unimodal in (vy, v2). Also note that fp is

continuous unless m; = 1 or my = 1 (and in these cases the only discontinuity pointis x = vy or x = v, respectively).
If r >3, then fp is continuous and we reason by induction on the integer k — r. If k — r = 0, then the property
is true by Proposition 5. Thus, consider the case k — r > 0. Then, there exists £ € {1,2,...,r} such that m; > 1.

Recalling Eq. (8), we may assume £ = 1 without loss of generality. Given 0 < & < vy, set v9 = vy — ¢ and
mo = 1 (if v; = 0, a similar result can be obtained by setting vp = ¢ for any 0 < ¢ < vp). Now, consider the
polynomial

1 r
Dy(x) = Pa— [TG —wve)™
- =0

and note that D has r 41 distinctroots vy < v; < - -+ < v, with multiplicities such that 1 +m| —1+mo+- - -+m, = k.
Thus, also fp, is continuous and, by the inductive hypothesis, we know that fp, is nonnegative in R and unimodal
in (vy, v).

Let us study the pointwise convergence of fp, (x) as ¢ goes to zero. If x > v,, then fp(x) = fp,(x) =0.1If x < vy
then, for ¢ small enough, x < v and hence fp,(x) = 0 = fp(x). Finally, for any & >2 and v,—1 <x <vj, we have

=¥y (’;j) (v =5 w0,

(=hj=1

where we use wy;(¢) to denote the entries of the last column of Vg’], V. being the confluent Vandermonde matrix
associated with D,(x). Using Eq. (5), one can easily verify that lim; .o w¢j(e) = wy; for every £>2. Thus, fp,
pointwise converges to fp all over R, and the result follows by applying Lemma 6. [J

In Fig. 1, we show the plots of functions fp’s for three polynomials D, which present a rather regular behaviour. In
these examples the number of distinct roots of D (i.e. the value of r) is 2, 3 and 5, respectively, and for each of them
fp(x) is differentiable all over R.

In Fig. 2 four special examples are illustrated which present irregular behaviours. In the first case there are two
distinct roots of D with multiplicity 4 and 1, respectively, and the corresponding function fp is not continuous at
the first root. In the other three examples D has three distinct roots with different sets of multiplicities: in the case
of simple roots fp is a triangular density function (see the second picture); if the array of multiplicities is m =
(1,4, 1), then fp is continuous but not differentiable at the second root, while the same behaviour occurs at the first
rootifm = (4,1, 1).
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Fig. 2. Plots of function fp forv = (5,10) andm = (4, 1), v = (5, 15,55) and m = (1,1, 1), v = (5, 15,55) and m = (1,4, 1), v = (5, 15, 55)
and m = (4, 1, 1), respectively. The vertical bars indicate the values of v j ’s.

4.2. Characteristic function

Here, we prove that fp is a density function. Since it is nonnegative all over R, it is sufficient to prove that
f j;o fp(x)dx = 1. Further, we show that the characteristic function of fp is given by

(k — elfv Wy —
Pp(1) = )k 1 g ”j lm(ll)] L ©)

We will say that a random variable of density function fp(x) is a Vandermonde random variable of parameter D(x).

Proposition 8. Let D be a monic polynomial with at least two distinct roots and assume that all roots are nonnegative
real. Then, the map fp is a density function having characteristic function ®p(t).

Proof. We first show that ®p(¢) = fj;o fp(x)e™ dx. Set I () = ffooo fp(x)el™ dx and observe that
un=<k—nfji'm(kjf)wajw<w—xﬁf'%mdm
. et
Integrating by parts one can verify that for ¢ # 0 the function e'* (¢ — x)? admits the antiderivative
ir 2o (P — )!(ir)’

Hence we can write (1) = >, _»> ,_,(A¢.n — Ag p—1) where

my (k 1)| k—j—1 (W _ vh)k—j—l—s
v
’ 2G0T S - 1=l

and in particular

eitve & K= DU wyj
l ; (=D Gk

Now, set By, = Y ,_,A¢pand Cp, = Y y_, Ag p—1. Foreach 2<h <r — 1 we have B, — Cj11 = Ay, and moreover
B, = A, ,. Finally, reasoning as in Proposition 1 one can prove that C, = 22:1146,1 — A1 = —Aj;1.As a
consequence, the integral can be computed as follows

/ Fp()el™ dx = 2 Br—Ch) =3 Apg =3 &3 k=DV_wy .

= S SG =D Gk
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The proposition is then proved if we show that lim;_,.o @p(¢) = 1. By expanding el’ve we get

I L S N T Y
PO =G & (];0 1 ) (,2 G-t

00 r min(s,mg) Us—j .
— k= DIY (Z ¢ o] )(iz)f—k.
=1

= = G-t G-

By Proposition 1, the first non-null coefficient in the previous sum is obtained for s = k and equals 1/(k — 1)!. This
concludes the proof. [

5. Rational models for pattern statistics

We now turn our attention to pattern statistics. Here, we recall the definition and the main properties of the rational
stochastic models introduced in [2], based on the classical notion of rational formal series [19,1].

Let R4 be the semiring of nonnegative real numbers and consider the finite alphabet 2. A formal series over 2 with
coefficients in Ry is a function r : 2* —> R, usually represented in the form r = Zwe s+ (7, W) - w, where (r, )
denotes the value of r at € X*. Moreover, r is called rational if it admits a linear representation, that is a triple
(&, u, ) where, for some integer m > 0, ¢ and # are (column) vectors in R’ and p : 2* — R}™" is a monoid
morphism, such that (r, ®) = éT,u(w)n holds for each w € ¢*. Observe that considering such a triple (&, p, 1) is
equivalent to defining a (weighted) nondeterministic automaton, where the set of states is given by {1, 2, ..., m} and
the transitions, the initial and the final states are assigned weights in R by u, £ and #, respectively. To avoid redundancy
itis convenient to assume that (&, g, ) is trim (meaning that all indices are used to define the series), i.e. for every index
i there are two indices p, g and two words x, y € X* such that £, u(x),; # 0 and w(y)igng 7 0. We say that & w,m)
is primitive if M = )" __>u(0) is a primitive matrix, that is for some n € N all entries of M" are strictly positive.
We also recall that a matrix M € R is called irreducible if for every pair of indices p, g there exists n € N such
that M7 > 0.

Any formal series can define a stochastic model for studying the frequency of occurrences of a letter in a word of
given length. Consider the binary alphabet {a, b} and, for any n € N, let {a, b}" denote the set of all words of length
n in {a, b}*. Consider a formal series r : {a, b}* — R, and let n be a positive integer such that (r, x) # 0 for some
x € {a, b}". A probability measure over {a, b}" can be defined by setting

(r, @)

Priw}= ———
er{a,b}” (r, x)

(0 € {a, b)"). (10)

In particular, if » is the characteristic series y; of a language L C {a, b}*, then Pr is just the uniform probability
function over L N {a, b}". Then, we define the random variable (r.v. for short) ¥, : {a, b}* — {0, 1, ..., n} such that
Y, (®) = |o]|, for every o € {a, b}". Forevery j =0, 1, ..., n, we have

2jol=nola=j > ©)
er{a,b}" (r, x)

Pr{Y, = j} = (I

If r = y; for some L C {a, b}*, then Y, represents the number of occurrences of a in a word chosen at random in
LN{a, b}* under uniform distribution. We observe that, in this case, our results concerning Y, are related to the analysis
of additive functions over strings [9].

When r is rational, the r.v. Y, defines a model for the study of pattern statistics we call rational stochastic model.
This is extension of the traditional Markovian models in the following sense. Given a regular set of patterns on an
arbitrary finite alphabet X consider a Markovian source P generating words at random over X2 and let X, be the
r.v. representing the number of occurrences of patterns in a word of length n generated by P; then, there exists a
rational formal series r : {a, b}* —> R, such that, for every n > 1, the corresponding r.v. ¥, has the same distribution
as X, [2, Section 2.1].
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Let (&, u, ) be a linear representation for the rational series r and set A = u(a), B = u(b), M = A + B. To study
the behaviour of the random variables Y, and in particular their limit distribution, it is useful to introduce the sequence
of functions {r,(z)}, in the complex variable z defined by

m@= Y rx)etle = Tdef + B)"y. (12)

x€la,b}
Indeed, it is immediate to see that the characteristic function of Y,, satisfies the relation

ry (it)

— itYyy
Py, () = k") = 7 0)

(13)

for t € R. We recall that a sequence of random variables X, converges in distribution to a random variable X if and
only if the sequence of characteristic functions Wy, (¢) pointwise converges to ¥'x (¢) [7].
Now, consider the generating function of {r,(z)}, and observe that

oA T
rn(Z)wn =¢ H(z, w)n,
n=0

where H (z, w) is the matrix defined by

H(z,w) = f (Ae® + B)"w" = (I — w(Ae® + B))~\. (14)
n=0

If M is irreducible, by Perron—Frobenius Theorem (see [21, Theorem 1.5]) it has a nonnegative real eigenvalue A
of maximum modulus. Moreover, we know that the equation Det(yl — Ae® — B) = 0 defines an implicit function
y = y(z) which is analytic in a neighbourhood of z = 0 and such that y(0) = A.

If further M is primitive and A # 0 # B, then there are two constants f§ € (0, 1), y > 0, both depending on the
matrix M and its eigenvectors (see [2] for details), such that, as n tends to infinity, the following relations hold:

E(Y,) = pn+0(1), VarY,) =yn+ O(1). (15)

Finally, under the same hypothesis, one can prove that the distribution of (¥, — fn)/,/yn converges to the normal
distribution of mean value 0 and variance 1 [2].

In our investigation we often deal with matrices of functions. We will say that a matrix A(w) is a matrix function if
all its entries are functions of the variable w. We will also say that A(w) is analytic at a point w = q if all its entries
are analytic at the same point; moreover, its radius of convergence at that point is the smallest radius of convergence
of the power series development of its entries (with center in a).

5.1. Decomposition of a rational model

Up to now, the properties of ¥, have been studied only in the primitive models [2] and in the case of two primitive
components [5]. Here, we present a general approach to deal with an arbitrary rational model. To this aim, we describe
the construction of the reduced graph of the strongly connected components of the corresponding linear representation.
This is a usual approach in the analysis of counting problems on regular languages (see for instance [8] for an application
concerning trace languages).

Let (&, u, n) be a linear representation over the alphabet {a, b} with coefficients in R4. As in the previous section,
set A = u(a), B = ub), M = A+ B and consider the directed graph defined by M, where the set of nodes is
{1,2,...,m} and (p, q) is an (oriented) edge if and only if M, # 0. Then, let Cy, C2, ..., C;s be the strongly
connected components of the graph and define C; initial (vesp. final) if & » 7 0 (resp. i » # 0) for some p € C;. The
reduced graph of (&, u, n) is then defined as the directed acyclic graph G where Cy, C», ..., C; are the vertices and
any pair (C;, C;) is an edge if and only if i # j and M, # 0 for some p € C; and some g € C;.
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Up to a permutation of indices, the matrix M can be represented as a triangular block matrix of the form

M, My Mz --- My
M = 0 M Mzz s My ’ (16)
0 0 0 .- M

where each M; corresponds to the strongly connected component C; and every M;; corresponds to the transitions from
vertices of C; to vertices of C; in the original graph of M. Also A, B, £ and » admit similar decompositions: we
define the matrices A;, A;;, B;, B;; and the vectors &;, i; in the corresponding way and we say that the component

C; is degenerate if A; = 0 or B; = 0. Since each matrix M; is either null or irreducible, by Perron—-Frobenius
Theorem it has a nonnegative real eigenvalue 4; of maximum modulus. We call main eigenvalue of M the value
A =max{4|i = 1,2,...,s} and we say that C; is a dominant component if 4; = 1. Observe that 4; = 0 only if C;

reduces to a loopless single node and hence from now on we assume 4 > 0.

Further, if a matrix M; is primitive, we say that C; is a primitive component. In this case, when C; is not degenerate
(i.e. A; # 0 # B;), we may consider the constants f§; and y; associated with M; defined as in (15); we have 0 <
p; < 1 and y; > 0. On the contrary, if C; is degenerate, it is natural to set y; = 0 and define f; = O or f§; = 1
according whether A; = 0 or B; = 0 (so that (15) still holds true for a degenerate r.v.). Thus the constants f3; and
y; are well-defined for every primitive component C;: we say they are the mean constant and the variance constant
of C;, respectively.

The block decomposition of M also induces a decomposition of the matrix H(z, w) defined in (14). More precisely,
the blocks under the diagonal are all null, while the upper triangular part is composed by a family of matrices,
say H;j(z, w), 1<i<j<s. Note that the bivariate generating function éTH (z, w)y, which is the main tool of our
investigation, is now given by

THGwn = 3 (A + BYy-w' = Y & Hij(z, win;. (17)

n=0 1<i<j<s

Setting M;;(z) = A;je* + B;; and reasoning by induction on j — i, one can prove that, for each 1 <i < j <s,

(I —w(Aie* + Bi)™! if j =1,
Hij(z, w) = 0=l e (18)
> W Hijiy (2, WM, (2) Hiyiy (2, W) - -+ My, i, (2) Hiip (2, w) - w if j #1,
where the sum (%) is extended over all sequences of integers (i1, iz, ..., i¢), £ =2 such that i} =i, i; < i;4 for each

t=1,...,4—1landip = j.

Eq. (18) suggests us to introduce the notion of chain of the reduced graph G associated with (&, u, 17). A chain is a
simple path in G, i.e. a sequence of distinct components x = (C;;, Ci,, ..., Ci,) where £ >1, such that M,-].ij+l #0
forevery j = 1,2,...,£ — 1. We say that ¢ is the length of k while the order of x is the number of its dominant
components. We also denote by I" the family of all chains in G starting with an initial component and ending with a
final component. Note that, the linear representation (&, i, ) being trim, each component lies over at least one chain
in I'. We say that a chain « is a main chain if k € I' and its order is maximal in I". We denote by I',, the set of all
main chains in G.

Example 1. Here, we present a parametric example depending on two constants « € R and p € [0, 1]. For such
parameters let us consider the formal series sy, , having linear representation (7, v, t) such that

, 0 1 1 0 1
7 =(1,0), va,p(a)zoc~<p O)’ va,p(b):ov(l_p 0), 7::(0).

We note that the Perron—Frobenius eigenvalue associated with this linear representation is o(1 + +/5) /2.
Given two families of parameters {%;};=1,,» and {p;};=1.m, let us define the formal series r given by the Cauchy
product r = ]_[:'Llsui,pi. Its linear representation of size 2m is given by (&, u, 1) where ¢ = 1l and & = 0
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foreveryi # 1, ny; = 0 and y5; .; = 1 for every 7, while for x € {a, b} pis defined by

Varp, () Mia(x)  Mpiz(x) - Mig(x)
0 Voy.p, (X)) Mo3(x) -+ Moy (x)
u(x) = (19)
O 0 O o VO{,,,,,Dm (.X)
with
a;i 0 0 o
M,»j(a)=<of 0) and M,~,»(b):<0 oj>
Here, the entries 1, 2, ..., 2m can be gathered in strongly connected components, defined by the sets C; = {2i — 1, 2i}

fori = 1,2, ---,m. Thus, the reduced graph of (&, u, ) consists of nodes C;’s and edges (C;, Cj) withi < j. The
component Cj is initial while all C;’s are final. The orders of the chains depend on the values «;’s. In particular, when
all o;’s are equal, we have only one main chain of order m. If the «;’s are different, there may be several main chains.
For instance, if m = 4, ap = o3 and o) = og4 = 2012, only C and C4 are dominant; therefore we have four main chains,
namely (Cq, Ca, C3, Cy), (C1, Ca2, Cy), (C1, C3,Cy4) and (C1, Cy). O

5.2. The role of main chains

In this section we study the properties of main chains and in particular we show that they determine the limit
distribution of the sequence {Y,} associated with the linear representation (¢, u, ). Intuitively, this is a consequence
of two facts. First, the characteristic function of (a normalization of) Y, depends on the sequences {r,(z)} for z
near 0, and hence on the generating function ETH(z, w)n. Second, by (17), this function is a sum of products of
the form given in (18), each of which is identified by a chain: the products corresponding to the main chains have
singularities of smallest modulus with the largest degree, and hence they yield the main asymptotic contribution to the
associated sequence {r,(2)}.

So, let us take in exam the terms of the sum in the right hand side of (17). First we consider the case i = j and, for

every j = 1,2,...,s, we denote {r,(lj )(z)} the sequence given by
T SN0
CiHjj(z,winy = D ry (Qw".
n=0

By relation (18), we have

_ Adj(I —w(Aje* + B)))
~ det(/ —w(Ajet + B)))

Hjj(z,w) = (I —w(Aje* + Bj))™!

and hence, as z tends to 0, the singularities of each entry approach the inverses of eigenvalues of M ;. We can distinguish
three cases according to the properties of M :
(i) M; is primitive and dominant. Then, A is its (sole) eigenvalue of largest modulus. The equation det(y/ — (A e* +
Bj)) = 0 implicitly defines a function y = y;(z) in a neighbourhood of z = 0 such that y;(0) = A. Such a
function is analytic at the point z = 0 and admits an expansion of the form

S
yj(@) =1 (1 + BT+ %zz + 0(z3)) : (20)

where f§ j and y; are the mean and variance constants of C ;. Note that this equation is well-defined also when C;
is degenerate (in particular, if A; = 0 then y;(z) = 4 for all z).
Then, there exists a matrix function R;(z) analytic and nonnull at z = 0 such that, for every z near 0,

R;(z)

Hjj(z, w) — m
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has a radius of convergence strictly greater than 27 Asa consequence we have

(@) = ETRj (@) (y; (@)" + O(p")

for some 0 < p < / and every z near 0.

(ii) M; is dominant (but not necessarily primitive). Then, we can consider the family E; of the eigenvalues of M
of largest modulus. By Perron—Frobenius Theorem, we know A € E; and, for every o € E;, the equation
det(yl — (Aje* + Bj)) = 0 implicitly defines a function y = y,(z) in a neighbourhood of z = 0 such that
v5(0) = a. Also y,(z) is analytic at z = 0, where it admits an expansion of the form

Yu(2) = a1 + myz + s42% + 0(2*)) 1)

withmy € Ry and R(sy) > 2m§C (consequence of point (e) in [21, Theorem 1.5]). Reasoning as above this implies,
for z near 0 and some 0 < p < 4,

i@ = X E R0 (@) +O(p")

O{EE]'
where R,(z) is a matrix function analytic and nonnull at z = 0, for each « € E;.
(iii) M; is not dominant. Then, all its eigenvalues are in modulus smaller than A and hence, as z is near to 0 the radius
of convergence of Hj;(z, w) is greater than 271 This implies r,(/)(z) = O(p") for some 0 < p < Zand all z

near 0.
Now, let us study the behaviour of H;;(z, w) for i # j. Recalling (18), we consider an arbitrary chain x =
(Ciy, Ciy, ..., Ci,) with £22 and we denote by H.(z, w) the corresponding matrix given by
Hy(z, w) = Hyiy (2, w)Miy iy (2) Hipiy (2, ) -+ My, (2) Higiy (2, w) - w1 (22)

We also define the sequence {r,EK) (z)} by
T (0.¢]
& Hie(z, wyn;, = S r®@w", (23)
n=0
Then, the next proposition can be proved by applying the previous properties to (22).

Proposition 9. Let i be a chain in I' of order k >0. Then, as n tends to +00, the following statements hold for every
ce Candeveryt € R:

(1) If k =0 then r,"(c/n) = O(p") for some 0 < p < 1;

() If k=1 then r," (c/n) = O("'n*~1y;

(3) If k> 1 and the dominant components of k are primitive, then rn(K) (c/n) = @(/I"nk_l )s( 2 )

4) If k=1 then r, " (it //n) = O("'n*=1).

Proof. Without loss of generality, we may assume x = (Cy, Ca, ..., C¢). Then, we have
Hi(z. w) = Hi1(z, w)M12(2) Hy (2, w) - - My_10(2) Hoe (2, w) - w™! (24)

and it is clear that, for any fixed z, the singularities of éTHK(z, w)n, are those of the matrices H;;(z, w) for j =
1,2,...,£.1f k = 0 and z near 0, the radius of convergence of each H;;(z, w) is greater than ;=1 and hence Fp ()
(z) = O(p") for some 0 < p < A, which proves point 1.

Now, set I = {j : C; is dominant} and assume k = i/ >1. Let j € I and let z be a complex value near 0. By
property (ii), the dominant singularities of Hj;(z, w) are the simple poles yo(z2)"!, where o € E j- Thus, the same
values are poles for é? H,(z, w)n, of degree k at most. Hence, r, (x) (z) is bounded by a linear combinations of terms of
the form O(yy(z)"n*~1), where o € UjE,Ej; setting z = c¢/n, by (21), each of them is of the order O(A"n*—1), which
proves point 2.

2 1n this work, for any pair of sequences {f,}, {gn} € C, the expression f, = ©(g,) means that for two positive constants a, b the relation
algn| <|fnl <Db|gn| holds for every n large enough.
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Analogously, setting z = irn~!/2, again by (21) for every o we have
n

|y (itn ™12y =

s

n i
o (1 +m“ﬁ +O(1/n)>

since my € R this implies

m2t2

n/2
x ) O(1 4 1/n) = O(W™)

Ly (itn =12y = )n <1 +
n

and hence r,, (it //n) = O (3, va(itn™"/2)"n*~1) = O(2"n*~1), which proves point 4.
Finally, assume C; primitive for every j € I and let z be a complex value near 0. Then, the main singularities of
f?HK(z, w)1n, are the values y; ()~ ! defined in (). By (24) this implies

R(z, w)

T
HK ) = )
S e = e T )

(25)

where R(z, w) is a function analytic in a disk {w € C||w| <4 d}, for some d > 0. Thus, the leading term of
a9 (z) is determined by the convolution of the sequences {y;(z)"},, for j € I; hence, setting z = ¢/n and using (20)
we get r, ) (¢/n) = O(A"n*~1) proving point 3. O

Since by Eq. (17), we have r,(z) = ), Fr,(lK) (z), we obtain the following result, which shows the key role of the
main chains. Also note that the property does not hold if the main chains admit nonprimitive dominant components.

Theorem 10. If all dominant components of the main chains are primitive then, for every constant ¢ € C, we have

r(e/n) = 3 r/m)1 +0(1/n) = O"nF),

kel

where k is the order of the main chains.
6. Limit distributions in multicomponent models

Theorem 10 shows that in a multicomponent model the asymptotic behaviour of our statistics mainly depends on the
main chains. This fact leads to study the relevant case when the model has just one main chain. In this case, assuming
further mild conditions on the dominant components, it turns out that the limit distribution of Y,,/n coincides with a
Vandermonde distribution. For this reason we introduce the notion of simple model.

Let (&, 1, 17) be a linear representation over the alphabet {a, b} with coefficients in R;. We say that (&, u, ) is a
simple linear representation, or just a simple model, if I';,, contains only one chain x and every dominant component in
K is primitive.

In simple models the limit distribution of Y¥,, first depends on the order k of «, i.e. the number of its dominant
components. If £ <2 the limit distribution is known and derives from the analysis of the bicomponent models given in
[5]; in particular (if the dominant components are not degenerate) we have the following results:

e If x has only one dominant component C; then the limit distribution of ¥, — ;n/,/7;7 is a Gaussian distribution of

mean value 0 and variance 1.

o If « has two dominant components C;, C; then we have the following three subcases:
(1) If p; # [3. i then Y, /n converges in law to a random variable uniformly distributed in the interval [by, by ], where
by = min{f;, f;} and by = max{f;, B;};
(2) If B; = B; = B buty; # 7; then the limit distribution of (¥, — fin)/ J/n is a mixture of normal distributions
of mean value 0 and variance uniformly distributed in the interval [cy, c2], where ¢; = min{y;, y j} and ¢ =
max{y;, y;}. In other words, (¥, — pn)/+/n converges in law to a random variable with density function

c2 g=x?/(2v)

1
(x) = dv,
f c2—cC1Je  A2mv
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which has characteristic function

—c1t2)2 _ efczt2/2

F(t) =2

(c2 —et?

Notice that F (1) = ®p(it2/2) where P(x) = (x — ¢1)(x — ¢2);
(3) If B; = Bj = Pandy; = y; = y then the distribution of (Y, — fin)/,/yn again converges to a Gaussian
distribution of mean value 0 and variance 1.
Here, we determine the limit distribution of Y, /n for simple models having main chain x of order k >2. We only
assume that « has at least two dominant components with different mean constants. In Section 7 we extend this result
to the case when all dominant components of x have the same mean constant.

Theorem 11. Let Y, be defined in a simple model with main chain x of order k >2. Let 3, ..., B, denote the mean
constants of the dominant components in K in increasing order and assume r >2. Also, for each £ = 1,2,...,r,
let my be the multiplicity of fB,, that is the number of dominant components in k whose mean constant equals
po. Then, Y, /n converges in law to a Vandermonde random variable associated with the polynomial P(x) =

[Tomi(x = B)™e.

Observe that in the case k = 2 we obtain the result stated in point (1) above. The proof of the theorem is based on
the analysis of the characteristic function of Y, /n, which by Eq. (13) is given by
ry (it /n)

rn(0)

Thus, we first present the following lemma, which provides a useful expression for r,, (it /n). To this aim, as in Eq. (7),
let {gp(n)}, be the sequence having generating function Q(0)/Q(x), where

Q(x):f[(x ;> Z.

o1\ L+ Byit/n

Py, /n(t) = (26)

Lemma 12. Assume the hypotheses of Theorem 11. Then, for everyt € R, as n grows to +00 we have

ir k=1 it
In (—) = > A"ay (—) 8o —s)-(14+0(1/n)) (27)
n s=0 n
and in particular
pk=1 k=1
m0) = ——— (Zi"'gas(0)> -(I+0(1/n)) (28)
(k= D! \s=o

where, for each s, ags(z) is an analytic function at z = 0.

Proof. By Theorem 10, we get r, (it /n) = r,(,'c) (it/n)(1 + O(1/n)) and hence we have to show that r,(,K) (it /n) equals
the right hand side of (27). We can evaluate r,(,K) (it /n) by refining the proof of point 3 in Proposition 9. Indeed, since
H(z, w) satisfies Eq. (25), we have

k—1 r
& Hiez, wing = Y as@w’ - [T = fe@w) ™ + G(z, w), (29)
5=0 (=1
where each a;(z) is a polynomial in e*, fy(z) = A(1 + S,z + O(z)) forevery £ = 1,2, ..., r and, for all z near 0, the
function G (z, w) is analytic in a disk {w € C||w| <A™+ d}, for some d > 0.
Clearly [Tj_, (1 — fe(z)w) ™™ is the generating function of the sequence whose nth term is

r (ng +my—1
> ne=nt=1 me —1

) fe@)".
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Setting z = ir/n and recalling Eq. (7), the previous expression can be rewritten as 2" g (n) - (1 4+ O(1/n)). Thus, since
(29) is the generating function of {r,(,K) (2)}n, the main term of r,(lK) (it/n) is given by the convolution of {a,(it/n)},
and {1"go(n)},, which leads to Eq. (27). Eq. (28) follows by noting that if 7 = 0, then Q(x) = (x — D* and

som =("17"). ©

Proof of Theorem 11. As n grows to infinity, the behaviour of g (n — s) does not depend on s . To prove this fact we
need the following equalities, that can be proved from the definitions given in Section 3. Set v, = (1 — fB,it/ n)~!, for
every £, j=1,2,...,r we have

(o)™ =e" P (1 01/n)),
(e —vj)~' = <_:17) (Be = Bp~" - (1 +0(1/n)).

Moreover, if wg; and cy; are the entries of the last column of the Vandermonde matrices associated with the polynomial
Q(x) and P(x) = [[,_,(x — B¢)™, respectively, then using Eq. (6) one can obtain

n
wey = (=) ey - (1 +0(1/m)),
As a consequence, applying Proposition 3 and using the previous equalities, one proves that

n\k—

gon—s) = (;) (ieltﬂ[ Z 13, (lt) T ) (1 +0(1/n)).
j=

Replacing the previous expression into (27) we get

it n\k—1 r my (ll‘)/ 1 _ it
— ) =- itfy Mg - .
rn(n>_(it) (Ze’ Z Cyj 1)‘><Z <n>> (1 4+0(1/n)).

Hence, applying Eq. (26) and recalling Eq. (28), one can see that the characteristic function ¥y, ,,(f) converges to
®p(t) for every t € R. This proves the result. [

7. Further results

The analysis presented in the previous section can be extended to all simple models, also when the mean constants
B;’s (associated with the dominant components of the main chain) are totally coincident. In this case, clearly Yn(K)/ n
converges in distribution to such a constant, and it is natural to consider a finer normalization. With respect to this point,
the following theorem holds, which can be proved as Theorem 11.

Theorem 13. Let Y, be defined in a simple model having main chain k of order k >2 and assume that all dominant
components in Kk have the same mean constant . Let y;, ..., 7, be the distinct variance constants (in increasing
order) of the dominant components in k and let my, ma, ..., mg denote their multiciplities. If s = 1 and y; # O,
then (Y, — Pn)/. /711 converges in distribution to a normal random variable of mean 0 and variance 1. Other-
wise, if s > 1, then (Y,, — Bn)//n converges in distribution to a random variable having characteristic function
@ p(it?)2), where ®p(t) is the characteristic function of a Vandermonde random variable of parameter P(x) =

[To—i (e =)™

Notice that, for k = 2, the previous theorem reduces to points (2) and (3) at p. 21.

The results of Theorem 11, concerning the limit distribution of Yn(K)/ n, can be further extended by a standard
conditioning argument (already used in [5]) to all rational models (&, u, ) whose main chains are “simple”, i.e. for
every k € I, all dominant components in x are primitive. In this case, by Egs. (22) and (23), for every k € I',, one
can easily see that

(K)(Z) = 5 (Z)/L” k— 1+0(;Lnnk—2)’



M. Goldwurm, V. Lonati / Theoretical Computer Science 356 (2006) 153—169 169

where £k is the degree of x and s, (z) is a nonnull analytic function at z = 0. Then, by Theorem 10, we have
r(0) = RA"n* 1 + 0(2"nk2)

where R = che r,,,SK(O)- We can also associate each x € I, with the probability value p,, given by p,. = 5,(0)/R.
Note that the values {p;}ccr,, define a discrete probability measure and they can be explicitly computed from the
triple (&, p, n).

Moreover, each x € I, defines a simple rational model in its own right, with an associate sequence of random
variables {Y,gK) }. The limit distribution of Yn(K)/ n can be studied by applying Theorem 11. In particular, Y,gK)/ n always
converges in distribution to a random variable of distribution function F (x) defined according to the previous results.
Note that, if all constants f§ ;'s are here equal, then Fic(x) reduces to the degenerate distribution of mass point b1
Now, it is not difficult to see that the overall statistics Y, /n converges in distribution to a r.v. of distribution function
F(x) defined by F(x) = ), r,, Fic(x) py. This completes our analysis of the limit distribution of Yn(K)/ n. The only
family of rational stochastic models not covered by our results consists of those models having a main chain with some
nonprimitive dominant component; in those cases, periodicity phenomena occur.

m
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